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Abstract 11 
Techniques utilising second harmonic generation (SHG) have proven its great potential in 12 
detecting contact-type damage. However, the gap between the practical applications and 13 
laboratory studies is still quite large. The current work is aimed to bridge this gap by 14 
investigating the effects of the applied load and incident wave angle on the detectability of 15 
fatigue cracks at various lengths. Both effects are critical for practical implementations of these 16 
techniques. The present experimental study supported by three-dimensional (3D) finite element 17 
(FE) modelling has demonstrated that the applied load, which changes the crack opening and, 18 
subsequently, the contact nonlinearity, significantly affects the amplitude of the second harmonic 19 
generated by the (S0) symmetric mode of Lamb waves. This amplitude is also dependent on the 20 
length of the fatigue crack as well as the incident wave angle. The experimental and FE results 21 
correlate well, so the modelling approach can be implemented for practical design of damage 22 
monitoring systems as well as for the evaluation of the severity of the fatigue cracks.  23 
 24 
Keywords: second harmonic, nonlinear Lamb wave, contact nonlinearity, applied load, incident 25 
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1. Introduction 27 
1.1. Lamb waves for damage detection 28 
In the last few decades, damage detection techniques utilising guided waves [1, 2] have attracted 29 
significant attention due to its advantages over the conventional non-destructive inspection 30 
methods [3, 4]. These advantages include the ability to monitor large areas, including 31 
inaccessible locations, with a small number of inexpensive piezoelectric sensors, which can be 32 
permanently attached to the structure for continuous measurements [5, 6]. Several damage 33 
detection methods utilising either linear or nonlinear characteristics of Lamb wave propagation 34 
have been proposed in the past [7]. Most of these methods, however, are based on the linear 35 
features of Lamb waves e.g. methods utilising analysis of reflection and transmission signals [8, 36 
9] and time-of-flight [10, 11] as well as the mode conversion phenomena [12, 13]. However, 37 
these linear methods are only capable to detect mechanical damage (e.g. fatigue cracks, 38 
delaminations and corrosion spots) with the characteristic sizes of the same order of the 39 
magnitude as the wavelength of the incident wave. 40 
The wavelength of the incident wave cannot be too small in practical applications as the 41 
high frequency (corresponding to short wavelengths) normally generates multiple propagating 42 
wave modes, which can make the signal acquisition and analysis very challenging. The damage 43 
detection methods, which rely on the linear characteristics or phenomena of Lamb wave 44 
propagation, usually require reference or baseline data in order to extract the residual signal, 45 
which correspond to the material damage. However, it has been shown in the literature that the 46 
baseline signal can be strongly affected by the change of environmental and loading conditions 47 
leading to a significant degradation in damage sensitivity of linear methods [9, 14]. The latter is 48 





























































the main reason why the methods, which perfectly work in laboratory conditions, fail to deliver 49 
the similar performance in the real-world environment. 50 
In contrast, nonlinear features of Lamb wave are much more sensitive to incipient damage 51 
to the early state of material degradation [15]. In addition, the damage detection techniques 52 
utilising nonlinear features of Lamb wave propagation do not require the reference or baseline 53 
data (signal) to detect damage [16]. Therefore, the nonlinear methods could have a better 54 
performance and fewer limitations than their linear counterparts in the real-world environment. 55 
Recently, a number of studies attempted to apply various nonlinear features of Lamb wave 56 
propagation for damage detection, for example, higher harmonic generation phenomenon [16, 57 
17], sidebands generation [18-20], and nonlinear resonance effects [21, 22]. The present paper 58 
focuses on the second harmonic generation (SHG) phenomenon for the contact-type damage 59 
detection, which will be briefly discussed next. 60 
 61 
1.2. Second harmonic generation (SHG) 62 
A distortion of the excitation wave by the clapping mechanism, which will be described below, 63 
leads to the generation of higher harmonics. During this process the wave energy from the 64 
frequency of the incident wave pumps into the second or even higher order harmonics. The 65 
process can be governed by the global material nonlinearity [15, 17, 23], or local damage-66 
induced nonlinearity [24-26]. One of the local nonlinearity effects, contact nonlinearity [27], has 67 
recently gained an increasing attention. It is associated with contact-type damages, such as 68 
fatigue crack, delamination or debonding. The present study is concerned with the contact 69 
nonlinearity due to fatigue cracks. It manifests itself when an incident wave of sufficiently large 70 
enough amplitude interacts with a so-called “breathing crack”, which behaves like a “mechanical 71 





























































diode”. The compressional part of the wave closes the crack (or a section of the crack) while the 72 
tensile part tends to open the crack or its section (as fatigue cracks are normally closed due to 73 
plasticity effects near the crack tip and the wake of plasticity due to crack fatigue growth). This 74 
nonlinear phenomenon leads to the generation of a number of higher harmonics and sub-75 
harmonics as a result of parametric modulation, which can be used for the detection and 76 
characterisation of the fatigue crack. Below we also provide a brief overview of the selected 77 
studies related to the contact nonlinearity and SHG. 78 
Most of the simple and popular analytical approaches to model the contact nonlinearity and 79 
clapping mechanism are based on bi-linear stiffness approximation. When the crack is open, the 80 
global stiffness is reduced; when the crack is closed, the stiffness has its nominal value. Many 81 
studies in the past utilised this approach and were able to reproduce the generation of the second 82 
and higher order harmonics. 83 
There were many studies in the past on SHG caused by contact nonlinearity [28-30], 84 
however, most of them focused on bulk waves. For example, Biwa et al. [31] investigated the 85 
SHG of a longitudinal wave at the contact interface of two aluminium blocks. They 86 
demonstrated that an increase of the contact pressure at the interface leads to the reduction of the 87 
second harmonic magnitude. It means that the SHG depends on the magnitude of the contact 88 
pressure, therefore, justifies the objectives of the current study. Lee and Jhang [32] investigated 89 
the SHG due to presence of fatigue cracks in an aluminium sample, using an ultrasonic wave 90 
scanning technique. A relative nonlinear parameter was utilised for the evaluation of the contact 91 
nonlinearity and avoid the effect of other nonlinearities associated with the equipment and 92 
material behaviour.   93 





























































Hong et al. [17] examined the synchronising characteristics of high frequency Lamb wave 94 
interactions with a fatigue crack. However, investigations of the nonlinear phenomena at high 95 
frequencies need quite sophisticated equipment, instrumentation and signal processing due to the 96 
dispersive nature of Lamb waves at high frequencies. Recently, Yang et al. [33] investigated the 97 
SHG due to the presence of fatigue cracks using low frequency symmetric and anti-symmetric 98 
modes of Lamb waves. It appears that the fundamental symmetric mode (S0) is promising for 99 
monitoring and evaluation of fatigue damage. Subsequently, the present study focuses on 100 
relatively low excitation frequencies, which generate only the fundamental modes of Lamb 101 
waves, and, in particular, on the S0, which is much less dispersive than the fundamental anti-102 
symmetric fundamental mode (A0) of Lamb wave.    103 
Most previous experimental and numerical studies simply ignored the effect of the applied 104 
load on the SHG. However, in many practical applications the applied loading cannot be avoided 105 
and it can change the crack opening, and hence, alter the contact conditions (contact nonlinearity) 106 
at the crack surfaces. For example, Lim et al. [34] demonstrated that the crack opening has a 107 
large effect on the magnitude of the SHG. Therefore, for practical applications the evaluation of 108 
the effect of the applied load on the magnitude of the SHG is essential. For this reason, it is also 109 
included as one of the objectives in the current study. Along with the mechanical phenomena, 110 
this work also focuses on the development of numerical approach for the evaluation of SHG and 111 
modelling the wave interactions and the effect of the applied loading. This is motivated by the 112 
practical considerations, where a pure experimental approach is unrealistic for the design of a 113 
fatigue crack monitoring and evaluation system. It is believed that numerical approaches will 114 
play a leading role in the development and design of damage monitoring systems, and provide 115 
much more efficient solutions to practical challenges.    116 





























































The primary objective of this study is to improve the understanding of the SHG of Lamb 117 
waves due to presence of fatigue cracks under realistic conditions with a focus on the practical 118 
implementation of this technique for in-situ monitoring. The current study investigates the 119 
influence of the crack opening due to the applied loading and the incident wave angle on the 120 
SHG induced by the nonlinear interaction of fatigue cracks of various lengths with the S0 Lamb 121 
waves.  122 
The article is arranged as follows. A detailed description of the experimental set-up is 123 
presented in Section 2, which includes the details of the specimen preparation procedures, signal 124 
generation methods, data acquisition system. Section 3 describes the finite element (FE) 125 
modelling approach, which is used to support the experimental studies. In Section 4, the 126 
frequency selection criteria based on the mode tuning studies are outlined. The experimental 127 
results and validation of the FE model are provided in Section 5. This section also presents the 128 
results of a parametric study utilising the experimentally verified three-dimensional (3D) FE 129 
modelling approach. Finally, main conclusions of the research outcomes are presented in Section 130 
6. 131 
 132 
2. Experimental setup 133 
This section first outlines the details of the specimen fabrication procedures, specifically the 134 
generation of fatigue cracks. The experimental setup for the excitation and sensing the Lamb 135 
waves is also described in this section.  136 
 137 





























































2.1. Experiment specimen 138 
A 5005-H34 aluminium plate was cut into a dog-bone shape specimen as shown in Figure 1a. 139 
The in-plane dimensions of the specimen are 400mm×300mm and the thickness is 3mm. The 140 
material properties of the plate are given in Table 1. Piezoceramic discs (Ferroperm Pz27) with 141 
10mm diameter and 0.5mm thickness were permanently bonded to the surface of the plate 142 
specimen by a conductive epoxy. The material properties of the piezoceramic discs are also 143 
listed in Table 2. The piezoceramic discs were used to form a circular transducer network with 144 
radius R = 40mm as shown in Figure 1a. A polar coordinate system is set at the centre of the 145 
plate. Based on this reference system, all eight piezoceramic discs were located at r = 40mm and 146 
0o≤ θ ≤  315o with 45o interval. In this study, one of the piezoceramic discs was used to actuate the 147 
Lamb waves while the rest of the piezoceramic discs were used to sense the Lamb wave signals. 148 
 149 
Figure 1: (a) Aluminium plate with installed piezoceramic discs and (b) cyclic loading 150 
equipment and area of interest in the specimen. 151 
 152 
 153 





























































Table 1: Material properties of the 5005-H34 aluminium plate 154 
Young’s Modulus (GPa) 69.5 
Poisson Ratio 0.33 
Density (kg/m3) 2700 
 155 
Table 2: Material properties of the Ferroperm Pz27 Piezoceramic discs 156 
Young’s Modulus (GPa) 59 
Poisson Ratio 0.389 
Density (kg/m3) 7700 
Relative Dielectric Constant 1800 
 Piezoelectric Charge Constant (m/V) 170×10-12 
Permeability (F/M) 8.854×10-12  
 157 
2.2. Fatigue crack generation 158 
Fatigue cracks in the aluminium sample were generated as follow. A 5mm circular through hole 159 
was first drilled at the centre of the aluminium plate to facilitate the fatigue crack initiation. Two 160 
1mm long starter notches were cut using a 0.5mm thick saw blade in the directions θ = 90° and 161 
270° referring to the polar coordinate system as shown in Figure 1a. The plate was then loaded 162 
cyclically under a 10Hz sinusoidal tensile load with a minimum force of 5kN and a maximum 163 
force of 30kN, as shown in Figure 1b. A fatigue crack was initiated and observed at each starter 164 
notch after 250,000 cycles. The SHG tests were performed after every 100,000 cycles. Both 165 
cracks grew to about 8mm after 800,000 cycles, which corresponds to, so called, Paris fatigue 166 
crack growth regime. 167 
 168 
2.3. Actuating and sensing Lamb waves 169 
A computer controlled signal generator (NI PIX-5412) was used to generate the excitation 170 
signals. The excitation signal is a narrow-band eight-cycle sinusoidal tone burst pulse modulated 171 





























































by a Hanning window. A typical excitation signal has a peak-to-peak output voltage of 10V. The 172 
signal was amplified by 5 times using an amplifier (KROHN-HITE 7500) before it was sent to 173 
one of the transducers, while the rest of the transducers were used to measure the wave signal. 174 
The signals were digitized by a data acquisition system (NI PXIe-5105) and then fed into a 175 
computer. The quality and repeatability of the measurements were improved by averaging the 176 
signals with 64 acquisitions.  177 
In this study, the measured time duration was limited to 50µs. This ensured that the 178 
recorded signals cover only the Lamb waves travelling within the area as highlighted in Figure 179 
1b, and hence, it (the time duration) avoids the effect of the plate clamps on SHG. In practice, 180 
there are always presence of non-damage related nonlinearities, e.g. material nonlinearity of the 181 
plate, inherent nonlinearity of electrical equipment, the material coupling between transducers 182 
and surface of the plate, and background noise, etc. To avoid the contribution of these 183 
nonlinearities into the observed SHG, the wave signals were generated and measured for the 184 
intact plate (before cycling loading); and these data were used as a benchmark to ensure that the 185 
measured (during the fatigue tests) nonlinearity represents the contact nonlinearity and not the 186 
non-damage related nonlinearities.  187 
 188 
3. Three-dimensional finite element model  189 
A 3D FE model was created using commercial FE software, ABAQUS, to support the numerical 190 
study. Figure 2 shows schematic diagrams of the FE model including the through hole, starter 191 
notches, fatigue cracks and transducer models. The dimension of the aluminium model is 192 
300mm×200mm, which is the same as the area of interest for the plate sample in the experiment 193 
as shown in Figure 2b. The thickness of the aluminium plate model is 3mm, which also 194 





























































replicates the specimen. According to the theory [35, 36], the radial displacement on the 195 
circumference of the actuator in FE model is linearly related to the voltage applied in the 196 
experiment, and thus in FE model the excitation can be modelled by applying a radial 197 
displacement on the circumference of the PZT model. For the sensor model, the strain at the 198 
centre of the PZT is linearly related to the received voltage, so the output from the FE model can 199 
be obtained as the strain from the middle of the PZT model. In the FE model, it is assumed that 200 
the piezoceramic discs are perfectly bonded to the aluminium plate. The material properties of 201 
the plate and piezoceramic disc model are the same as the specimen in the experiment.  202 
Eight-noded brick elements, C3D8I, in which each node has three translational degrees-203 
of-freedom (DoFs), were used to model both the aluminium plate and the piezoceramic discs. 204 
The in-plane dimension and the thickness of the elements are around 0.4mm×0.4mm and 205 
0.375mm, and hence, there at least 20 elements per wavelength for the incident Lamb wave and 206 
the induced second harmonic wave. There are eight layers of elements in the thickness direction 207 
of the aluminium plate. The aspect ratio of the solid elements is 1.07. An intact plate is also 208 
modelled to ensure that the second harmonic obtained from the FE model with the damage is 209 
generated by the fatigue crack. To model the experimental condition of the specimens, a 5mm 210 
diameter circular through-hole and two 1mm×1mm starter notches were modelled by removing 211 
elements for both intact and damaged plates. For the damaged plate, the fatigue crack was 212 
simulated by inserting a seam at both end of each starter notch. The crack was arranged in 213 
vertical direction as shown in Figure 2b. It should be noted that the model is meshed 214 
automatically in ABAQUS, the meshes around the through hole and notch are not perfectly 215 
symmetric about the centre of the model, and the meshes of PZT models are not symmetric as 216 
well. As a result, the wave signal obtained at the symmetric PZT pairs about the incident wave 217 





























































propagation direction is not exactly the same. However, the differences are subtle and they will 218 
be shown in Section 5. 219 
The hard normal contact and frictional tangential contact were applied to the interfaces of 220 
the seam crack to prevent nodes penetration, and hence, simulating the clapping of the crack 221 
interfaces when the Lamb waves propagate through the fatigue cracks. An increased value of the 222 
friction coefficient of 1.5 [37] was used to account for the increased friction due to the roughness 223 
of the actual crack surfaces, crack tip plasticity and plasticity–induced crack closure effects 224 
associated with fatigue crack propagation. This value was found empirically as the best fit to the 225 
experimental data. The transient problem was solved using the explicit FE code, 226 
ABAQUS/Explicit, which employs the explicit central different integration scheme to calculate 227 
the response of the wave propagation.  228 
 229 





























































Figure 2: Schematic diagram of (a) the finite element model, and (b) the model of the fatigue 230 
cracks and piezoceramic transducer. 231 
 232 
4. Lamb wave mode tuning procedure 233 
In the beginning of the experimental study, mode-tuning experiments [38, 39] were carried out to 234 
determine the excitation frequency that could generate S0 dominated signal. The S0 Lamb wave 235 
is selected as the incident wave in this study as this mode is more sensitive to the fatigue crack 236 
than the A0 Lamb wave [33]. This was briefly discussed in the Section 1. In the low frequency 237 
region, both S0 and A0 Lamb wave are normally excited simultaneously. Thus, a pair of the 238 
piezoceramic discs were attached to the surface of a larger aluminium plate (1m×1m) with the 239 
same material properties and thickness as the plate used in the fatigue test. The narrow-band 240 
sinusoidal tone burst pulse modulated by a Hanning window was applied to one of the 241 
piezoceramic discs to generate the dominant S0 Lamb wave mode. The excitation frequency was 242 
swept from 10kHz to 400kHz. At the same time, the other piezoceramic discs were used to 243 
measure the Lamb wave signals. At each excitation frequency, the amplitude ratio of S0 to A0 244 
Lamb wave were recorded. Figure 3 shows the Lamb wave mode-tuning results. According to 245 
the results, the maximum amplitude ratio of the S0 to A0 Lamb waves is at 240kHz. Therefore, 246 
the excitation frequency of 240kHz was chosen to excite the S0 dominated Lamb wave in the 247 
experimental studies. From the current results, the maximum amplitude ratio of the S0 to A0 248 
Lamb waves is at 240kHz. Although the thickness and material properties of the specimen are 249 
slightly different, the optimal frequency obtained in the current study is comparable to the results 250 
from the previous study [38], where it was found to be between 230kHz and 330kHz. 251 






























































Figure 3: Ratio of S0 to A0 Lamb wave amplitude excited on the aluminium plate using a 10mm 253 
diameter and 0.5mm thick Ferroperm Pz27 piezoceramic disc. 254 
 255 
5. Results and discussion 256 
The influence of the incident wave angle and crack opening due to the applied load on the SHG 257 
due to presence of fatigue cracks was investigated using experimental and 3D FE modelling 258 
approaches. The accuracy of the FE model in predicting the SHG was validated by comparing 259 
the simulation results with the experimental data. The experimentally validated 3D FE model is 260 
then used to obtain directivity patterns of the SHG with the consideration of different incident 261 
wave angles and crack openings due to the applied load. 262 
5.1. Second harmonic generation (SHG) at the fatigue crack 263 
Short Time Fourier Transform (STFT) was used to transform all of the acquired time series data 264 
to the time-frequency domain because it is easier to distinguish the first arrival wave signals 265 
from the boundary reflections. The spectrogram parameters in the STFT were carefully selected 266 
by a series of trials to ensure the balance between time and frequency resolution. 267 





















































































Figure 4: Spectrogram of the FE results for PZT1 with 240kHz excitation frequency for an intact 269 
model, (a) time domain signal, (b) second harmonic frequency range, and (c) incident wave 270 
frequency range. 271 
 272 
Figure 4 shows the spectrogram of the Lamb wave signal captured at PZT1 in the FE 273 
simulation for an intact model. Different to other FE simulation results, an incident wave with a 274 
larger displacement magnitude (100µm) is used to provide a better illustration of the wave 275 
distortion due to contact nonlinearity at the fatigue cracks. As shown in Figure 4b, there is no 276 
visible energy at the second harmonic frequency (double of the excitation frequency). While for 277 
the damaged plate, i.e. a model with an 8mm fatigue crack at each of the starter notch (hole), the 278 
time-domain signal as shown in Figure 5a is distorted as compared with the intact plate (Figure 279 
4a), especially for the tensile part of the wave. As shown in the spectrogram in Figures 5b and 5c, 280 
it is clear that the wave energy is transmitted from the fundamental frequency to second 281 
harmonic frequency when the fatigue crack presents in the model. For the intact plate (Figure 4b), 282 





























































the second harmonic is negligible as compared with the result of the damaged plate as shown in 283 
Figure 5b. In contrast, in experimental studies, the second harmonic might be not negligible for 284 
the intact plate as it can also be generated from the coupling between the transducers and host 285 
plate, signal generator and data acquisition system.  286 
 287 
Figure 5: Spectrogram of FE results for PZT1 240kHz excitation frequency for the model with 288 
fatigue cracks, (a) time domain signal, (b) second harmonic frequency range, and (c) incident 289 
wave frequency range. 290 
 291 
The experimental amplitude profile of the spectrogram at 240kHz and 480kHz were 292 
extracted for the intact and damaged plate. The results are normalized by the maximum value of 293 
the wave signal at the fundamental frequency. The group velocities of the S0 Lamb wave at these 294 
two frequencies are almost the same. Figures 6 and 7 show the amplitude profile of the signal at 295 
the excitation frequency and second harmonic frequency for intact and damaged plate, 296 
respectively. In these figures, the arrival time of the wave signal is marked using a vertical 297 





























































dashed line. The arrival time of the wave pulse at the excitation frequency is the incident wave 298 
propagates directly from the actuator to the sensor. In practice, the second harmonic wave also 299 
exists in the intact specimen due to different factors, such as nonlinearity of the equipment and 300 
material nonlinearity of the specimens in the experiment. The second harmonic wave due to the 301 
aforementioned non-damage related nonlinearities should arrive at the same time as the wave 302 
pulse at the excitation frequency and this agrees with the results as shown in Figure 6. 303 
Figure 7 displays that the magnitude of the second harmonic is higher than that in Figure 304 
6 (intact sample). Figure 7 also shows that the second harmonic wave due to the contact 305 
nonlinearity in the damaged sample arrives after the incident wave at the excitation frequency for 306 
PZT2, PZT3 and PZT4. This is due to the fact that the arrival time of the second harmonic wave 307 
is the time of the incident wave propagates from the actuator to the fatigue crack, and then the 308 
induced second harmonic wave propagates from the fatigue crack to the sensor. Since this wave 309 
path is longer than the direct wave path between the actuator and sensor of the incident wave at 310 
the excitation frequency, there is a time delay between the arrival times of the wave at the 311 
excitation frequency and second harmonic frequency. For PZT1, as the crack is at the direct 312 
wave path of the wave propagation direction, the second harmonic and excited wave arrive 313 
almost at the same time. 314 
 315 






























































Figure 6: Experimentally measured amplitude profile at excitation frequency (blue solid lines) 317 
and second harmonic frequency (red dashed lines) for the intact plate, data measured by (a) 318 
PZT1, (b) PZT2, (c) PZT3 and (d) PZT4. 319 
 320 






























































Figure 7: Experimentally measured amplitude profile at excitation frequency (blue solid lines)  322 
and second harmonic (red dashed lines) after 800,000 cycles of loading, data measured by (a) 323 
PZT1, (b) PZT2, (c) PZT3 and (d) PZT4. 324 
 325 
5.2. Relative second order nonlinear parameter 326 
In this study, the results are presented using the normalized relative second order parameter  ′β , 327 
[32, 33] which is defined as  ′β  normalized by the mean of  ′β obtained from all the cases 328 






2   (1) 330 
where A2 is the amplitude of the first peak of the amplitude profile at the second harmonic 331 
frequency (red dashed lines in Figures 6 and 7) obtained by STFT in Section 5.1, and A1 is the 332 
first peak of the amplitude profile at the excitation frequency (solid lines in Figures 6 and 7). 333 
 334 





























































5.3. Effects of the incident wave angle on the second harmonic generation (SHG) 335 
In practical situation, the crack orientation may be different with respect to the incident wave, 336 
thus, leading to different types of the wave-crack interaction, such as opening-closing, tearing 337 
and sliding motions [20]. In the first part of this section, the variations of  ′β  against crack 338 
lengths with three different incident angles are discussed together with the outcomes of the FE 339 
simulations and experimental results. It should be noted that, in practical situation, there is 340 
always a discrepancy between the radial displacements generated by the actuator in the 341 
experiments and FE simulations. Several numerical tests have been conducted to confirm that the 342 
normalised nonlinear parameter 𝛽, which is due to the contact nonlinearity only, is independent 343 
to the amplitude of the excitation signal for a wide range of crack lengths. Therefore, for 344 
convenience of the normalisation, and in order to improve the accuracy of the numerical 345 
simulations, which might be compromised by the rounding errors, the magnitude of the 346 
excitation signal was set at 1 𝜇𝑚 for the FE simuulation in this section. 347 
The incident wave angles considered in this study are 90°, 45° and 0° corresponding to the 348 
incident waves generated by PZT3, PZT4 and PZT5, respectively. The experimentally measured 349 
and numerically calculated  ′β  for the above incident wave angles are shown in Figures 8, 9, and 350 
10, respectively. To ensure the consistency of the obtained  ′β , the results of each pair of 351 
transducers, which are located symmetrically about the incident wave angle and crack orientation, 352 
are shown in Figures 8, 9 and 10. For 90o incident wave angle (Figure 8), the transducer pairs are 353 
PZT2 and PZT4, PZT1 and PZT5, and PZT6 and PZT8. For 0o incident wave angle (Figure 10), 354 
the transducer pairs are PZT4 and PZT6, PZT3 and PZT7, and PZT2 and PZT8. 355 





























































As shown in Figures 8 and 10, i.e. the results of incident wave angle 90o and 0o, 356 
respectively, the variation of  ′β  for the results of each transducer pair is very similar to each 357 
other. This is because the crack profile, i.e., the size and shape, at both sides of the through hole 358 
are also symmetric about the incident wave angle. Also, the magnitudes of the stresses induced 359 
by the applied cyclic load at both sides of the through hole are similar given the symmetric 360 
configuration of the plate and through hole with starter notches. Although these aforementioned 361 
conditions were used in the FE simulations, a very small discrepancy is observed between the 362 
results of the two transducers in each transducer pair as illustrated in Figures 8 and 10. This is 363 
because the meshing of the FE model is not perfectly symmetric about the incident wave angle 364 
and crack orientation.  365 
The experimental results represented by the solid lines in Figures 8 and 10 also 366 
demonstrate a good agreement between the symmetric transducer pairs. However, as expected, 367 
the agreement is not as good as that in the numerical simulations. This is because the fatigue 368 
cracks at both sides of the through hole are not initiated simultaneously and, generally speaking, 369 
do not propagate symmetrically. Also, the unavoidable eccentricity of the applied load in the 370 
experiment may also cause the non-symmetric stress distribution in the plate. All these factors 371 
were the contributors to the discrepancies between the experimental studies with symmetric 372 
transducer pairs and differences between the experimental and FE results. 373 
For 45o incident wave angle (Figure 9), although the transducer pairs of PZT3 and PZT5, 374 
PZT2 and PZT6, and PZT1 and PZT7 are located symmetrically about the incident wave angle, 375 
they are not located symmetrically about the crack orientation. The results between the 376 
transducers of each transducer pair behave quite differently due to the violation of the symmetric 377 
condition.  378 





























































 Overall, for the experimental and numerical results shown in Figures 8, 9 and 10 are in a 379 
good agreement in terms of the variation pattern of parameter  ′β . The results for 90
o incident 380 
wave angle show a better agreement with the FE results than the results of the other two incident 381 
wave angles. For the incident wave angle is 0o (Figure 10), the value of  ′β  has a clear growing 382 
trend at all transducers; and the growth is more significant at PZT1, PZT2 and PZT8, i.e. the 383 
forward scattering directions. This means that under this condition, the transducers located in any 384 
direction are able to provide a warning signal for the presence of fatigue crack. However, for the 385 
cases of incident wave angle 90o (Figure 8) and 45o (Figure 9), ′β  only increases slightly with 386 
crack length to incident wave wavelength ratio and then stays about the same magnitude at most 387 
of the transducers. Noticeably for PZT2 and PZT4 of the case considering incident wave angle 388 
90o and PZT3 and PZT5 of the case considering incident wave angle 45o, the nonlinear 389 
parameter even shows decreasing trend when the crack length to incident wavelength ratio 390 
increases. The results show that the incident wave angle plays a vital role in SHG and thus it is 391 
important to use distributed transducer networks in damage detection and monitoring of the 392 
structures. 393 
Based on the results presented in Figures 8, 9 and 10,  ′β  has different characteristics for 394 
different crack length to incident wave wavelength ratios. This means that these characteristics 395 
can be potentially used for quantitative damage identification. However, the variations of  ′β  396 
under different incident angle conditions are very different to each other. This means that the 397 
wave-crack interaction characteristic highly depends on incident wave angle. Therefore, it is 398 
essential to take into account the incident wave angle if it is used for quantitative damage 399 
identification. 400 





























































In the current study, the focus is on revealing the potential influence of the incident wave 401 
angle and external loads on the features of SHG, so only one sample specimen was used in the 402 
experiment. To practically employ the SHG in detecting fatigue cracks, it is recommended to 403 
verify the repeatability of the measured SHG and this requires calibration to compensate the 404 
variation of nonlinear parameter because of the fatigue crack profiles generated in the fatigue test 405 
are different for each specimen. 406 
 407 
Figure 8: a) Schematical diagram of the transducer arrangement for incident wave angle 90° case, 408 
b)-e) normalized relative second order nonlinear parameter  ′β  as a function of crack length to 409 
incident wave wavelength ratio at different PZTs  410 
 411 






























































Figure 9: a) Schematical diagram of the transducer arrangement for incident wave angle 45° case, 413 
b)-e) normalized relative second order nonlinear parameter  ′β  as a function of crack length to 414 
incident wave wavelength ratio at different PZTs 415 
 416 






























































Figure 10: a) Schematical diagram of the transducer arrangement for incident wave angle 0° case, 418 
b)-e) normalized relative second order nonlinear parameter  ′β  as a function of crack length to 419 
incident wave wavelength ratio at different PZTs  420 
 421 
5.4. Second harmonic generation (SHG) at fatigue crack with different crack openings 422 
The other issue that needs to be considered for practical application of the nonlinear Lamb wave 423 
method is that, the structure is usually subjected to changing loading conditions. These 424 
conditions can change the crack opening or the gap between the surfaces of the fatigue cracks as 425 
shown in Figure 11, and hence, it changes the properties of the contact nonlinearity. In this 426 





























































section, the influence of the crack opening due to the applied loading is studied experimentally. 427 
The FE model is also adopted to support the experimental study and analyse the trends of  ′β  as a 428 
function of the applied tensile stress. 429 
 430 
 431 
Figure 11: Crack opening under (a) 25MPa, (b) 50MPa, (c) 75MPa and (d) 100MPa tensile stress 432 
in experiments 433 
 434 
5.4.1. Experimental observations. 435 
The tensile load is raised from 25MPa to 100MPa to gradually increase the opening of the 436 
fatigue cracks. There are several reasons that can cause the variation of  ′β  when the crack is 437 
opened due to the tensile load. 438 
1. When the applied tensile loading increases, the distance between the crack surfaces 439 
could grow beyond the maximum in-plane displacement of the wave. The wave cannot 440 
pass through the crack, and there is no contact the crack surfaces. Thus, only small 441 
amplitude of second harmonic can be generated at the tips of the fatigue crack [34].  442 





























































2. As the crack opens, it behaves like a notch when there is no contact nonlinearity. The 443 
value of  ′β  can be dominated by the value of A1 as only a small nonlinearity is 444 
generated at the crack tips due to plasticity. The value of A1 is significantly affected by 445 
the scattering feature of linear Lamb waves at notch [40]. 446 
3. The tensile load applied on the plate would change the phase and group velocity of the 447 
propagating wave [41]. As the linear wave scattering feature at notch is relevant to the 448 
wavelength [40], variation of phase velocity will change the wavelength of the Lamb 449 
waves, and hence, change the magnitude of A1 measured at different transducers. 450 
However, the variation of the phase velocity is usually very small and this will only 451 
cause a minor change of the magnitude of A1. 452 
4. For the plate used in the experiment, the ratio between the diameter of the notch and 453 
width of the plate is 0.025. According to the equation for calculating the stress 454 
concentration factor on a finite-width plate under uniaxial loading [41], the stress 455 
concentration factor at the notch in this study is around 3. When the stress applied on 456 
the plate is greater than 75MPa, the stress at the notch is around 225MPa. Considering 457 
the yielding stress of the 5005 H34 aluminium is around 145MPa – 185MPa, the area 458 
around the notch can undergo plastic deformation, and thus, increases the plasticity 459 
driven nonlinearity [23]. 460 
 461 
Figure 12 shows the experimentally measured results at PZT1 to PZT4 on the plate with 462 
the open crack after 800,000 cycles of loading in the cyclic test. The results indicate that 463 
different crack openings caused by different magnitude of applied tensile loads on a damaged 464 
structure can change the magnitude of  ′β . According to Figure 12,  ′β  at PZT2 and PZT3 465 





























































decreases with the magnitude of the tensile load, though the variation is comparably small. At 466 
PZT4, the value of  ′β  decreases when the stress is increased from 25MPa to 50MPa. Then the 467 
value increases from 50MPa to 75MPa before it drops slightly when the load is increased to 468 
100MPa. As compared,  ′β  increases at PZT1 when the stress increases from 25MPa to 75MPa, 469 
followed by a slight fall when the load reaches 100MPa.  470 
 471 
Figure 12: Experimentally measured normalized relative second order nonlinear parameter  ′β  at 472 
(a) PZT1, (b) PZT2, (c) PZT3 and (d) PZT4 under different magnitudes of tensile stresses. 473 
 474 





























































5.4.2. Effect of crack opening on contact nonlinearity due to presence of fatigue crack.  475 
The experimentally verified FE model was used to study the effect of the crack opening on the 476 
contact nonlinearity. In this study, only the effect of crack opening variation was considered, 477 
which takes into account the first two reasons described in the Section 5.4.1 in causing the 478 
variation of  ′β .  479 
The fatigue crack in the FE simulations was opened by the applied tensile force at both 480 
ends of the plate. An example of the FE simulation snapshot of the stress distribution is shown in 481 
Figure 13. The results correspond to an 8mm long fatigue crack at the end of each starter notch 482 
and a 25MPa tensile stress is applied to the one end of the plate. The tensile stress with 483 
magnitudes of 8MPa, 16MPa, 25MPa, 50MPa, 75MPa and 100MPa were applied to the model. 484 
For the 25MPa stress, the maximum opening near the hole was around 9µm. When the 485 
magnitude of the tensile stress is increased to 100MPa, the opening increases to around 30µm.  486 
The outcomes of the pre-loading steps as described above were then used to simulate the 487 
wave propagation with ABAQUS/Explicit. The maximum magnitude of the displacement 488 
applied to the actuator model was carefully controlled to ensure that the in-plane displacements 489 
of the incident wave were smaller than the smallest opening.  490 






























































Figure 13: Fatigue cracks at both end of the FE plate model opened by 25MPa tensile stress and 492 
the stress distribution in the plate 493 
 494 
As shown in Figure 14, for PZT1 and PZT2, there is a clear drop of the value of  ′β  when 495 
the stress is increased from 8MPa to 25MPa. When the load keeps increasing, there is no clear 496 
change of the value as there is little interaction between the crack surfaces. When zooming into 497 
the variation of  ′β  from 25MPa to 100MPa, a slight increase of the value is observed at PZT1, 498 
while the value at PZT2 decreases. The very small variation of  ′β  can be caused by the change 499 
of scattering feature of linear Lamb waves and thus change the amplitude of A1. In comparison, 500 
at PZT3 and PZT4, there is no distinctive variation of  ′β  despite the increase of the applied 501 
tensile load. 502 
Similar to the experimental observation, there is a distinctive cut-off point in the results of 503 
the FE simulations, beyond which there is a very small variation of  ′β . In the experiments, the 504 
fatigue crack was initially open, and thus there was no sharp drop of the contact nonlinearity 505 
when the fatigue crack was pulled to reach a larger opening. For the fully opened cracks, the 506 





























































variation of  ′β  at different PZTs was relatively larger in experimental results than in the 507 
numerical simulations. The outcomes in these two sections indicate that when the fatigue crack is 508 
progressively opened by the applied stress (load), the variation of  ′β  is mainly due to the 509 
decrease of the contact nonlinearity.  510 
 511 
Figure 14: Numerically prediction of normalized relative second order nonlinear parameter  ′β  at 512 
a) PZT1; b) PZT2; c) PZT3 and d) PZT4 on the plate model with different crack opening. 513 
 514 
 515 
5.4.3 Directivity pattern of normalized relative second order nonlinear parameter predicted by 516 
FE simulations 517 
It is of a great interest to investigate the directivity patterns of  ′β  around a fatigue crack with 518 
different incident angles and crack openings, because these two factors directly related to the 519 





























































potential practical implementation of the SHG techniques. The experimental studies of the 520 
combined effect are costly and time-consuming. Consequently, the FE approach, which has been 521 
partially validated experimentally, was used to study the directivity pattern of  ′β at fatigue crack 522 
with different crack openings and incident wave angles. It should be noted that the material and 523 
plasticity-driven nonlinearity were not modelled as the focus of this study is mainly on the loss 524 
of contact nonlinearity as a result of the applied loading. 525 
In the parametric study, three additional transducers were added at θ = 180°, 135°, and 90° 526 
in the FE model and each of which is used as an actuator to generate incident wave at 0°, 315° 527 
(equivalent to 45°) and 270° (equivalent to 90°), respectively. The actuators were 70mm away 528 
from the crack, which is outside the circular transducer network. Only the fatigue crack is 529 
modelled at the centre of the plate, i.e. without the through-holes and starter notches. The 530 
maximum displacement applied to the circumference of the actuator model for generating the 531 
Lamb wave signal was 30µm.  532 
 533 
Figure 15: Directivity pattern of the normalized relative second order nonlinear parameter  ′β  534 
calculated by the FE simulation with a 16mm long fatigue crack opened by different applied 535 
tensile stresses, a) 0°, b) 315° (equivalent to 45°) and c) 270° (equivalent to 90°) incident wave 536 
angle. 537 
 538 






























































Different to the aforementioned studies, the value of the normalized relative second order 540 
nonlinear parameter  ′β  at each transducer is defined as  ′β  normalized by the  ′β of this 541 
transducer obtained from the intact plate in this section. The outcomes of the simulations are 542 
shown in Figure 15. It can be seen that for all incident wave angles, the value of the  ′β  generally 543 
shows a forward scattering pattern. However, it should be noted that for the 315° and 270° 544 
incident wave angles, the directivity patterns are slightly different to the case of 0° incident wave. 545 
The differences of the  ′β  value between different angles are not as obvious as for case of 0
o 546 
incident wave angle. In all these three cases, the value of  ′β  is generally smaller when the crack 547 
is opened, though the directivity patterns for each case under different loads are about the same. 548 
The results indicate that clapping contact of the fatigue crack surfaces generates a relative large 549 
magnitude of second harmonic. As  ′β  is generally smaller for the 315° and 270° incident wave 550 
angles, this means that the contact nonlinearity is weaker for these two cases. Overall the results 551 
show that the tensile load reduces the interaction between the crack surfaces as compared with 552 
the fully closed crack. This conclusion is also supported by previous studies, which have been 553 
briefly reviewed in the Introduction section. 554 
 555 
6. Conclusions 556 
This paper is devoted to the SHG due to the interactions of S0 incident Lamb wave with fatigue 557 
cracks. The study has focused on two practical aspects relevant to in-situ damage detection, i) the 558 
effect of crack opening due to applied load and ii) different incident wave angles. It was 559 





























































demonstrated experimentally that the 3D FE simulation is capable to predict the main tendencies 560 
of SHG due to the contact nonlinearity in the presence of fatigue cracks with different crack 561 
openings and incident wave angles.  562 
The conducted study found that the magnitude of  ′β  varies significantly with the incident 563 
wave angles even for the measured data obtained from the same transducer. The variation is 564 
caused by the change in contact nonlinearity, linear wave scattering and plasticity driven 565 
nonlinearity when the cracked sample is subjected to tensile loading. The observations from the 566 
experimental and FE results indicate that when the crack is progressively loaded, the variation of 567 
 ′β  is mainly due to the loss of the contact nonlinearity. When the loading grows further, the 568 
increase of the nonlinearity can be associated with the plasticity mechanisms. From the present 569 
results, it is also found that the variation of  ′β  was mainly dominated by the contact nonlinearity 570 
due to the increase of the fatigue crack length under the same applied load.  571 
A number of case studies have been conducted using the validated FE approach to 572 
investigate the directivity patterns of  ′β  under different incident wave angles and crack openings. 573 
The results show that the incident wave angles and applied loads on the plate could significantly 574 
change the SHG behaviour. It is important that these two important factors need to be taken into 575 
consideration in the potential applications of the techniques based on SHG for in-situ damage 576 
detection of fatigue cracks.  577 
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